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We study scalar perturbations and quasinormal modes of a nonlinear magnetic charged black
hole surrounded by quintessence. Time evolution of scalar perturbations is studied for different
parameters associated with the black hole solution. We also study the reflection and transmission
coefficients along with absorption cross-section for the considered black hole spacetime. It was shown
that the real part of quasinormal frequency increases with increase in nonlinear magnetic charge
while the module of the imaginary part of the frequency decreases. The analysis of the perturbations
with changing quintessential parameter c showed that perturbations with high values of c become
unstable.
I. INTRODUCTION
The stability of black hole spacetimes is one of the most
interesting questions in general relativity and provides us
with many answers related to the black hole itself. The
study of various types of perturbations such as scalar,
electromagnetic and gravitational on a black hole back-
ground is an active area of research. Dynamical evolution
of any kind of perturbations on a black hole background
can be classified into three stages: the initial outburst
of the waves, damped oscillation which is also known as
quasinormal modes (QNMs), and the late time power law
tail. The first stage completely depends upon the initial
perturbing field and it does not give us much informa-
tion about the stability. The second stage is extremely
important for black hole stability analysis and it consists
of complex frequencies, the real part of which represents
the real frequency of the perturbation and the imaginary
part represents the damping. These quasinormal modes
also provide information about different black hole pa-
rameters such as mass, angular momentum, charge etc.
The pioneer work on metric perturbations of the
Schwarzschild black hole has been studied by Regge
and Wheeler [1] and Zerilli [2]. The author of
Ref. [3] analyzed numerically scattering of waves on the
Schwarzschild black hole [4]. Later Chandrasekhar pre-
sented a monograph about perturbation theory of black
holes [5]. The main equation of the perturbation theory is
a Shro¨dinger-like equation and, usually, it can be solved
using semiclassical or numerical methods. Many authors
studied this type of perturbative investigations of black
holes (see, e.g., Refs. [6–8] and reference therein).
The discovery of gravitational waves opened a new
window for black hole perturbation physics [9–11]. It
has been discussed that the precision of the observa-
tion/experiment of gravitational waves allows us to test
alternative theories of gravity [12, 13]. Moreover, it was
also shown that, regardless of the existence of horizons,
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waveforms can be formed [14, 15]. On the other hand, it
was stated that gravastars cannot be formed in a binary
black hole merger process [16]. There are other works re-
lated to the study of the ringdown process through per-
turbation of black holes [17–47].
The solutions of Einstein equations for black holes have
a singularity problem. The appearance of singularities
can be considered as a defect of Einstein’s general rela-
tivity. However, some regular black hole solutions have
been obtained by various authors introducing nonlinear
electrodynamics to the background gravity [48–54]. Dif-
ferent properties of regular black holes have been studied
in the literature [55–60].
Another interesting subject is the vacuum energy or
quintessence, the existence of which changes the struc-
ture of the spacetime at asymptotic infinity – it will be
not flat anymore. Furthermore, there will be cosmolog-
ical horizon and behind that the geometry becomes dy-
namic. Particularly, the effects of a repulsive cosmolog-
ical constant are widely discussed in [61–83]. Study of
quasinormal modes of these black holes surrounded by
quintessence is an interesting topic. The effects of the
quintessential parameter on quasinormal frequencies of
different black hole spacetimes were studied in [84–92].
Recently it has been obtained the solution of a regu-
lar black hole in the presence of quintessence [93]. In
this work, we study the stability of this solution and the
quasinormal modes of perturbations. We also study the
reflection coefficient, greybody factor, and absorption co-
efficient of scalar perturbations.
The paper is organized as follows. In Sect. II, we
review the regular black hole solution surrounded by
quintessence. In Sect. III, we study the basic equations
of scalar perturbations and, in Sect. IV, we give the nu-
merical results of evolution of scalar perturbations and
quasinormal modes. Sect. V is devoted to study the
greybody factor and absobtion coefficient. We summa-
rize our results in Sect. VI. Throughout the paper we use
geometrized units where G = c = 1 and a metric with
signature (−,+,+,+).
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2II. NON-LINEAR MAGNETIC-CHARGED
BLACK HOLE SURROUNDED BY
QUINTESSENCE
A non-rotating magnetic-charged black hole sur-
rounded with quintessence was proposed in [93]. The
metric for this black hole solution with mass M and mag-
netic charge Q is given by
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2 (1)
f(r) = 1− 2Mr
2
r3 +Q3
− c
r3ωq+1
. (2)
Here ωq(−1 < ωq < −1/3) is the quintessential state
parameter and c is a positive normalisation constant.
In the case c = 0, we can obtain the non-linear
magnetic-charged black hole in the flat background or
the Hayward-like black hole [53].
We can see the behaviour of the black hole solution at
large and short distances. For large distances, i.e. when
Q << r, the solution corresponds to a weak non-linear
magnetic field. The metric coefficient f(r) becomes
f(r) = 1− 2M
r
− c
r3ωq+1
. (3)
Therefore at large distances, the solution behaves as
a Schwarzschild black hole surrounded by quintessence
[94]. At short distances, i.e. Q >> r, it corresponds to a
strong non-linear magnetic field. The metric coefficient
become
f(r) = 1− Λ
3
r2 − c
r3ωq+1
, (4)
where Λ = 6M/Q3 > 0. Equation (4) behaves like dS
geometry, the pressure is negative and thus we can avoid
a singular end-state of the gravitationally collapsed mat-
ter. On the other hand, the curvature singularity of the
gravitationally collapsed matter should disappear and be
replaced by a dS-like geometry core.
III. MASSLESS SCALAR PERTURBATION
In this section, we shall briefly write the equations
of scalar perturbations of a non-linear magnetic-charged
black hole surrounded by quintessence (1). It was pointed
out in [8] that, if there is no backreaction on the back-
ground, the perturbations of black hole spacetimes can
be studied not only by adding the perturbation terms
into the spacetime metric, but also by introducing fields
to the spacetime metric.
The equation of motion of a massless scalar field Φ in
curved spacetime is given by the Klein-Gordon equation,
1√−g ∂µ(
√−ggµν∂νΦ) = 0. (5)
Here Φ is a function of the coordinates (t, r, θ, φ). Since
the metric is spherically symmetric, the field evolution
should be independent of rotations. In order to separate
the variables, we write the wave function as
Φ = Y (θ, φ)
ψ(r, t)
r
, (6)
where Y (θ, φ) are the spherical harmonics. Now, (5) sim-
plifies to
− ∂
2ψ
∂t2
+
∂2ψ
∂r2∗
+
(
ω2 − V (r)
)
ψ(r) = 0, (7)
where,
V (r) =
l(l + 1)f(r)
r2
+
f(r)f ′(r)
r
. (8)
Here l is the spherical harmonic index and r∗ is the
well-known tortoise coordinate, given by
dr∗ =
dr
f(r)
. (9)
Here, r∗ cannot be evaluated explicitly, because of the
nature of the function f(r). When r → rc, r∗ → ∞.
When r → r+, r∗ → −∞. Here r+ is the event horizon
and rc is the cosmological horizon.
The effective potential V (r) is plotted in Fig. 1 to see
how it changes with the charge Q, the mass M and the
spherical harmonic index l. The first panel shows the be-
haviour of the potential for different values of the charge
parameter. We can see that the height of the potential
increases with the magnetic charge and this represents
the suppression of emission modes for higher charge val-
ues. The middle panel shows the change in the potential
when mass is varied and we can see that the potential
decreases for an increase in mass. The right panel shows
the increase of the peak of potential when we increase
the spherical harmonic index. This again represents the
suppression of scalar emission modes for higher values of
l.
IV. NUMERICAL RESULTS
A. Evolution of scalar perturbations
In order to study the scalar perturbations of a
non-linear magnetic charged black hole surrounded by
quintessence, we rewrite the wave equation for the prop-
agation of scalar perturbations (7) in null coordinates
defined by,
du = dt− dr∗ , dv = dt+ dr∗. (10)
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FIG. 1. Left panel: Behavior of the effective potential V (r) with the charge. Here l = 3, M = 1 and c = 0.001. The solid
line, the dotted line and the dashed line correspond to Q = 0.2, Q = 0.6 and Q = 1.0 respectively. Mid panel: Behavior of
the effective potential V (r) with mass. Here l = 3, Q = 0.1 and c = 0.01. The solid line, the dotted line and the dashed line
corresponds to M = 1, M = 2 and M = 3 respectively. Right panel: Behavior of the effective potential V (r) with the spherical
harmonic index. Here M = 1, Q = 0.9 and c = 0.01. The solid line, the dotted line and the dashed line corresponds to l = 1,
l = 2 and l = 3 respectively.
The wave equation becomes,
(
4
∂2
∂u∂v
+ V (u, v)
)
ψ(u, v) = 0 . (11)
We solve equation (11) numerically with a simple ini-
tial condition, i.e., a Gaussian pulse profile centered
around vc and width σ,
ψ(u = u0, v) = exp
[
− (v − vc)
2
2σ2
]
. (12)
The integration is done on a triangular grid. This
method is extensively reviewed in [43, 95, 96]. We fol-
low [96] for discretization of the wave function. During
the integration of equation (11), we extract the values of
the field ψ at constant r∗ and allow the field to evolve to
larger values of t.
We plot the time evolution of scalar perturbations in
Fig. 2 for different parameters. The left panel shows
that scalar perturbations with larger l live longer. In
the middle panel, we plot ψ for different values of c and
we see that the perturbations start to become unstable
for higher values of c. In the right panel of Fig. 2, we
can see the behaviour of the perturbations with respect
to the charge Q.
B. Quasi-normal modes
One of our main goals in this paper is to study the
quasi-normal modes (QNM) and the stability of the per-
turbations in a non-linear magnetic-charged black hole
spacetime surrounded by quintessence. We shall focus
on massless scalar perturbations here.
QNMs for a perturbed black hole space-time are the
solutions to the wave equation given in (7). In order to
obtain these solutions, one has to impose proper bound-
ary conditions. We impose that the wave at the horizon
Q c Re(ω) Im(ω)
0.1 0.0 0.48366 -0.096758
0.1 0.0001 0.483432 -0.096701
0.1 0.001 0.48137 -0.096191
0.5 0.0 0.485999 -0.095791
0.5 0.0001 0.485769 -0.095736
0.5 0.001 0.483698 -0.095235
0.9 0.0 0.498703 -0.089525
0.9 0.0001 0.498468 -0.089477
0.9 0.001 0.496348 -0.089045
TABLE I. Fundamental quasinormal frequencies (n = 0) for
scalar perturbations of a non-linear magnetic charged black
hole surrounded by quintessence. Here ωq = −2/3, l = 2.
is purely incoming and that the wave at spatial infinity
is purely outgoing:
ψ(r) ∼ e−iωr∗ as r∗ → −∞(r → rh),
ψ(r) ∼ eiωr∗ as r∗ → +∞(r → rc),
(13)
where rh and rc are event horizon and cosmological hori-
zon, respectively.
It is impossible to analytically solve the time-
independent, second order differential equation (7) with
the potential (8) for a non-linear magnetic-charged black
hole surrounded by quintessence. Therefore, we use
the sixth order WKB method for numerical calculations
which is given by the relation
i(ω2 − V0)√−2V ′′0 +
6∑
j=2
Λj = n+
1
2
, (14)
where a prime denotes derivative with respect to the tor-
toise coordinate r∗ and V0 stands for the value of effec-
tive potential at its local maxima. j denotes the order
of WKB approximation and Λj is a correction term cor-
responding to the jth order. Expressions for Λj can be
found in [97, 98].
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FIG. 2. Left panel: Time evolution behavior of scalar perturbations for l = 0, l = 1 and l = 2. Mid panel: Time evolution
behavior of scalar perturbations for c = 0.001, c = 0.0001, c = 0.005. Right panel: Time evolution behavior of scalar
perturbations for Q = 0.2, Q = 0.6, Q = 0.9.
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FIG. 3. The left panel shows the dependence of real part of quasi-normal frequencies on Q for c = 0, c = 0.0001 and c = 0.001.
The right panel shows the dependence of imaginary part of quasi-normal frequencies on Q for c = 0, c = 0.0001 and c = 0.001.
l c Re(ω) Im(ω)
1 0.0 0.295528 -0.096078
1 0.0001 0.295377 -0.096024
1 0.001 0.294019 -0.095544
2 0.0 0.487769 -0.095027
2 0.0001 0.487538 -0.094973
2 0.001 0.485461 -0.094480
3 0.0 0.681045 -0.094792
3 0.0001 0.68073 -0.094737
3 0.001 0.677896 -0.094240
TABLE II. Fundamental quasinormal frequencies (n = 0) for
scalar perturbations of a non-linear magnetic charged black
hole surrounded by quintessence. Here ωq = −2/3, Q = 0.6.
In Table I and Table II, we list the fundamental quasi-
normal frequencies n = 0 of scalar perturbations of a
non-linear magnetic charged black hole surrounded by
quintessence. Table I shows the variation with respect
to the charge for different values of c. The real part of
the frequency decreases with increasing c. With increas-
ing charge the real part of the frequency increases but
the magnitude of the imaginary part of the frequency de-
creases. In Table II, we list the fundamental quasinormal
frequencies with respect to smaller spherical harmonic in-
dex l for different values of c. We can see that the real
part of the frequency decreases and the magnitude of the
imaginary part of the frequency also decreases with in-
crease in c for the same l. Here we have to note that the
WKB method has low accuracy in the small l regime.
In Fig. 3 we plot the quasi-normal frequencies of scalar
perturbations with respect to the charge parameter Q for
c = 0, c = 0.0001 and c = 0.001. The left panel shows
the real part of the frequency and the right panel shows
the imaginary part of the frequency. Here we consider
M = 1 and l = 2 and ωq = −2/3.
In Fig. 4, we plot the quasi-normal frequencies with re-
spect to spherical harmonic index l for c = 0, c = 0.0001
and c = 0.001. The left panel shows the real frequen-
cies and the right panel shows the imaginary frequencies.
Here we consider M = 1, Q = 0.6 and ωq = −2/3.
In Fig. 5, we plot the quasi-normal frequencies with
respect to the charge parameter Q for n = 0, n = 1.
The left panel shows the real frequencies and the right
panel shows the imaginary frequencies. Here we consider
M = 1, c = 0.001, ωq = −2/3 and l = 2.
In Fig. 6, we plot the quasi-normal frequencies with
respect to spherical harmonic index for different values
of quintessential parameter ωq. The left panel shows the
increase of real part of the frequency with l and we see
that the change with respect to ωq is very small. The
right panel shows the magnitude of imaginary part of
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FIG. 4. The left panel shows the dependence of real part of quasi-normal frequencies on l for c = 0, c = 0.0001 and c = 0.001.
The right panel shows the dependence of imaginary part of quasi-normal frequencies on l for c = 0, c = 0.0001 and c = 0.001.
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FIG. 5. The left panel shows the dependence of real part of quasi-normal frequencies on Q for n = 0 and n = 1. The right
panel shows the dependence of imaginary part of quasi-normal frequencies on Q for n = 0 and n = 1.
quasi-normal frequencies which decreases with increasing
l.
In Fig. 7, we plot the quasi-normal frequencies with
respect to quintessential parameter ωq. The left panel
shows the increase of real part of the quasi-normal fre-
quency with the increase in quintessential parameter ωq
and the right panel shows the decrease of imaginary part
of quasi-normal with the increase in quintessential pa-
rameter.
V. GREYBODY FACTORS AND ABSORBTION
COEFFICIENT
A. Nature of greybody factors
In this subsection, we shall discuss the reflection coef-
ficients R(ω) and transmission coefficients T (ω) for dif-
ferent parameter spaces for scalar perturbations around
a non-linear magnetically charged black hole surrounded
by quintessence. Our analysis in this section will be ana-
lytic and we shall use a third order WKB method found
in [42, 99–101] for our computations.
Black holes are believed to be thermal systems with
an associated temperature and entropy. Therefore black
holes radiate and the radiation is known as Hawking ra-
diation [102, 103]. Hawking showed that, at the event
horizon, the emission rate of a black hole in a mode with
frequency ω is given by
Γ(ω) =
1
eβω ± 1
d3k
(2pi)3
. (15)
Here, β is the inverse of Hawking temperature and the
plus (minus) sign corresponds to fermions (bosons). But
the geometry outside the event horizon might have an
important effect on the emission rate measured by an
observer located far away. In other words, the geometry
outside the horizon will act as a potential barrier for the
Hawking radiation emitted from the black hole. A part
of the radiation will be tunneled through the potential
barrier and reach the distant observer and the other part
will be reflected back towards the black hole. The ra-
diation recorded by the distant observer will no longer
appear as a blackbody. Mathematically, we can write
emission rate measured by an observer at infinity for a
frequency mode ω as,
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Γ(ω) =
γ(ω)
eβω ± 1
d3k
(2pi)3
, (16)
where γ(ω) is called the greybody factor. This quantity
gets its name from the fact that it modifies the emitted
spectrum of a black hole to a greybody. The greybody
factor is naturally defined as
γ(ω) = |T (ω)|2. (17)
Now, the reflected and the transmitted waves can be
represented as following
ψ(r∗) = T (ω)e−iωr∗ , r∗ → −∞(r → rh)
ψ(r∗) = e−iωr∗ +R(ω)e−iωr∗ , r∗ → +∞(r → rc),
(18)
where R(ω) and T (ω) are the reflection and transmission
coefficient, respectively, and they are related by
|R(ω)|2 + |T (ω)|2 = 1. (19)
Now let us discuss the WKB method developed in [42,
99–101]. If r0 is the value of r where the potential V (r)
is the maximum, then depending on the relation between
ω and V (r0), there are three cases to consider:
• ω2 << V (r0). Here the transmission coefficient is
close to zero and the reflection coefficient is almost
equal to one.
• ω2 >> V (r0). Here the transmission coefficient is
close to one and the reflection coefficient is almost
equal to zero.
• ω2 ∼ V (r0). We shall consider this case because the
WKB approximation has high value of accuracy for
ω2 ∼ V (r0).
In this approximation, the reflection coefficient is given
by
R(ω) = (1 + e−2piiα)−1/2, (20)
where α is given by
α =
i(ω2 − V0)√−2V ′′0 − Λ2 − Λ3. (21)
7In the 3rd order WKB approximation Λ2 and Λ3 are
given by
Λ2 =
1√
−2V (2)(r0)
[
1
8
(
V (4)(r0)
V (2)(r0)
)
(b2 +
1
4
)
− 1
288
(
V (3)(r0)
V (2)(r0)
)2
(7 + 60b2)
]
,
Λ3 =
n+ 12
−2V (2)(r0)
[
5
6912
(
V (3)(r0)
V (2)(r0)
)4
(188b2 + 77)
− 1
384
(
(V (3))2(r0)V
(4)(r0)
(V (2))3(r0)
)
(51 + 100b2)
+
1
2304
(
V (4)(r0)
V (2)(r0)
)2
(68b2 + 67)− 1
288
(
V (6)(r0)
V (2)(r0)
)
(4b2 + 5)
+
1
288
(
V (3)(r0)V
(5)(r0)
(V (2))2(r0)
)
(28b2 + 19)
]
(22)
In these expressions b = n + 12 , V
n(r0) = d
nV/drn∗ at
r = r0.
In the left and middle panel of Fig. 8, Fig. 9, Fig. 10
and Fig. 12, we have plotted the dependence of reflec-
tion and absorption coefficient on the frequency of scalar
perturbations, respectively. Fig. 8 shows the variation
for different spherical harmonic indices l, Fig. 9 shows
the variation for different charges Q, Fig. 10 shows the
variation for different quintessential parameter values c
and Fig. 12 shows the variation for different values of
quintessential parameter ωq.
When the spherical harmonic index is varied, the trans-
mission coefficient |T (ω)|2 becomes smaller and hence the
reflection coefficient |R(ω)|2 becomes larger as seen in the
mid and left panel of Fig. 8. The Transmission coefficient
|T (ω)|2 decreases with the increase in magnetic charge
and hence the reflection coefficient |R(ω)|2 increases as
can be seen in the mid and left panel of Fig. 9. Similarly,
|T (ω)|2 increases with increase in quintessential param-
eter c and hence |R(ω)|2 decreases as seen in the mid
and left panel of Fig. 10. The change of transsmission
and reflection coefficient is very small when we vary the
quintessential paramter ωq as can be seen from Fig. 11.
In order to see the variation, we plot |R(ω)|2, |T (ω)|2
with higher resolution. We can see that transmission co-
efficient |T (ω)|2 decreases for increase in quintessential
parameter ωq and hence reflection coefficient |R(ω)|2 in-
creases.
B. Absorption Cross-section
In this subsection we shall discuss the partial ab-
sorption cross-section in the context of scalar perturba-
tions for a non-linear magnetically charged black hole
surrounded by quintessence. Partial absorption cross-
section and total absorption cross-section are defined as
σl =
pi(2l + 1)
ω2
|T (ω)|2. (23)
σ =
∑
l
pi(2l + 1)
ω2
|T (ω)|2. (24)
We plot the variation of partial absorption cross-
section σl with respect to the frequency of scalar pertur-
bations in the right panels of Fig. 9, Fig. 10 and Fig. 12.
Fig. 9 shows the variation for different charges Q and
Fig. 10 shows the variation for different quintessential pa-
rameter values c. Fig. 12 shows the variation of partial
absorption with respect to the quintessential parameter
ωq. In these cases, the variation is extremely small. In
the right panel of Fig. 8, we have plotted the total ab-
sorption cross-section for different charges and for conve-
nience we have summed over l = 1 to l = 10 modes to
determine σ. Total absorption cross-section decreases for
increasing value of charge parameter Q. As the transmis-
sion coefficient attains the value of one at some critical
value of ω, the total absorption crosssection falls off as
1/ω2 regardless of the black hole parameters. Therefore
we observe the fall-off region in this particular plot.
VI. SUMMARY AND CONCLUSION
In this paper, we have focused on scalar perturbations
of a nonlinear magnetic charged black hole surrounded
by quintessence. First, we numerically calculated the
time evolution of scalar perturbations around the consid-
ered black hole spacetime and we found that perturba-
tions with higher spherical harmonic index l live longer.
We also saw the behaviour of perturbations with chang-
ing cosmological constant parameter c and we note that
perturbations with the higher value of c becomes unsta-
ble. The behaviour of perturbation for different values
of charge parameter is also studied and reported in the
manuscript.
We have used the 6th order WKB method to calculate
the quasinormal frequencies of scalar perturbations for
a nonlinear magnetic charged black hole surrounded by
quintessence. We studied the dependence of quasinormal
frequencies on charge Q, spherical harmonic index l and
cosmological constant parameter c. We see that the real
part of quasinormal frequency increases with increase in
charge Q for both fundamental (n = 0) and first over-
tone mode (n = 1) but the magnitude of the imaginary
part of the frequency decreases. The magnitude of the
imaginary part of the frequency decreases with increase
in charge for different values of c. The real part of the
quasinormal frequencies increase monotonically with re-
spect to l but the variation with respect to c is extremely
small and the lines overlap on the plot. The magnitude
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cross-section σ on ω for Q = 0.4, Q = 0.6 and Q = 0.8.
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FIG. 9. The left panel shows the dependence of |R(ω)|2 on ω. The mid panel shows the dependence of |T (ω)|2 or the greybody
factor γ(ω) on ω. The right panel shows the dependence of partial absorption cross-section σl on ω. Here M = 1, l = 3,
c = 0.0001 and ωq = −2/3.
of the imaginary frequencies decreases with an increase
in l and c.
We have further studied the greybody factors γ(ω) and
the partial absorption cross-section σl of scalar pertur-
bations for a nonlinear magnetic charged black hole sur-
rounded by quintessence. We studied the dependence
of these quantities for different parameters of the black
hole spacetime. The transmission coefficient |T (ω)|2, or
the greybody factor γ(ω), becomes smaller and hence re-
flection coefficient |R(ω)|2 becomes larger with increase
in l. The transmission coefficient |T (ω)|2 decreases with
the increase in charge and hence the reflection coefficient
|R(ω)|2 increases. Similarly, |T (ω)|2 increases with in-
crease in quintessential parameter c and hence |R(ω)|2
decreases but the change is too small. We also investi-
gated the effect of changing quintessential parameter ωq
on transmission and reflection coefficient and partial ab-
sorbtion cross-section and we found that the effect of ωq
on these quantities are very small.
For future directions, it would be interesting to study
the electromagnetic and gravitational perturbations for
the nonlinear magnetic charged black hole surrounded
by quintessence. We hope to understand the behavior
of these perturbations with respect to the cosmological
constant parameter c.
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